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FOLIATION THEORY
IS THE

QUALITATIVE STUDY OF
DIFFERENTIAL EQUATIONS

It appears from the inability of
mathematicians to solve differential

equations by analytic methods!
It was initiated by the works of
H. Poincaré, I. Bendixon and

developped later by C. Ehresmann,
G. Reeb and many other people.

Since then the subject
has been a wide field in
mathematical research.
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1. Preliminaries
1.1. Definition. Let M be a manifold of dimen-

sion m + n. A codimension n foliation F on M is

given by an open cover U = {Ui}i∈I and for each i, a

diffeomorphism ϕi : Rm+n −→ Ui such that, on each

non empty Ui ∩ Uj, the coordinate change:

ϕ−1
j ◦ ϕi : (x, y) ∈ ϕ−1

i (Ui ∩ Uj) −→ (x′, y′) ∈ ϕ−1
j (Ui ∩ Uj)

has the form x′ = ϕij(x, y) and y′ = γij(y).

ϕ−1
i

ϕ−1
j

ϕ−1
j ◦ ϕi

Fig.1

The manifold M is decomposed into connected

2



submanifolds of dimension m. Each of them is called

a leaf of F. A subset U of M is saturated for F if it is

union of leaves: if x ∈ U then the leaf passing through

x is contained in U.

Coordinate patches (Ui, ϕi) satisfying conditions of

definition 1.1 are said to be distinguished for the foli-

ation.

Let F be a codimension n foliation on M defined by

a maximal atlas {(Ui, ϕi)}i∈I like in definition 1.1. Let π :

Rm+n = Rm × Rn −→ Rn be the second projection. Then

the map fi : Ui

π◦ϕ−1
i−→ Rn is a submersion. On Ui ∩ Uj 6= ∅

we have fj = γij ◦ fi. The fibres of the submersion fi

are the F-plaques of (Ui,F). The submersions fi and

the local diffeomorphisms γij of Rn give a complete

characterization of F.

1.2. Definition. A codimension n foliation F on

M is given by an open cover {Ui}i∈I and submer-

sions fi : Ui −→ T over an n-dimensional mani-

fold T and, for Ui ∩ Uj 6= ∅, a diffeomorphism γij :

fi(Ui ∩ Uj) −→ fj(Ui ∩ Uj) such that fj = γij ◦ fi. We say

3



that {Ui, fi, T, γij} is a foliated cocycle defining F.

The foliation F is said to be transversely orientable

if T can be given an orientation preserved by all the

local diffeomorphisms γij.

1.3. Induced foliations

Let N and M be two manifolds; suppose that we

are given a codimension n foliation F on M. We say

that a map f : N −→ M is transverse to F if, for each

point x ∈ N, the tangent space TyM of M at y = f(x)

is generated by TyF and (dxf)(TxN) (where dxf is the

tangent linear map of f at x) i.e.:

TyM = TyF + (dxf)(TxN).

Equivalently, if we suppose that M is of dimension

m + n, f is transverse to F if, for each x ∈ N, there exi-

sts a local system of coordinates (x1, · · · , xm, y1, · · · , yn) :

V −→ Rm+n = Rm × Rn around y such that the map:

gU : (y1 ◦ f, · · · , yn ◦ f) : U = f−1(V ) −→ Rn

is a submersion. The collection of the local submer-

sions (U, gU ) defines a codimension n foliation denoted
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f∗(F) on N called the pull-back foliation of F by f.

If f is a submersion and F is the foliation by points,

f is transverse to F; in that case the leaves of f∗(F)

are exactly the fibres of f.

If N = M̃ is the universal covering of M and f is the

covering projection f : M̃ −→ M, then f∗(F), denoted

F̃, has the same dimension as F; the two foliations F̃
and F have the same local properties.

1.4. Morphisms of foliations

Let M and M ′ be two manifolds endowed respec-

tively with two foliations F and F ′. A map f : M −→ M ′

will be called foliated or a morphism between F and

F ′ if, for every leaf L of F, f(L) is contained in a leaf

of F ′; we say that f is an isomorphism if, in addition,

f is a diffeomorphism; in this case the restriction of

f to any leaf L ∈ F is a diffeomorphism on the leaf

L′ = f(L) ∈ F ′.
Suppose now that f is a diffeomorphism of M.

Then, for every leaf L ∈ F, f(L) is a leaf of a codi-

mension n foliation F ′ on M; we say that F ′ is the
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image of F by the diffeomorphism f and we write

F = f∗(F ′). Two foliations F and F ′ on M are said to

be Cr-conjugated (topologically if r = 0, differentiably

if r = ∞ and analytically in the case r = ω) if there exists

a Cr-homeomorphism f : M −→ M such that f∗(F ′) = F.

The set Diffr(M,F) of diffeomorphisms of class Cr

of M which preseve the foliation F is a subgroup of

the group Diffr(M) of all the Cr-diffeomorphisms of M.

1.5. Frobenius Theorem

Let M be a manifold of dimension m+n. Denote by

TM the tangent bundle of M and let E be a subbundle

of rank m. Let U be an open set of M such that on

U, TM is equivalent to the product U × Rm+n. At each

point x ∈ U, the fibre Ex can be considered as the kernel

of n differential 1-forms ω1, . . . , ωn linearly independent:

(S) Ex =
n⋂

j=1

ker ωj(x).

The subbundle E is called an m-plane field on M. We

say that E is involutive if, for every vector fields X and

Y tangent to E (i.e. sections of E), the bracket [X, Y ]
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is also tangent to E. We say that E is integrable if,

through each point x ∈ M, there exists a submanifold

Px of dimension m which admits E|Px
(the restriction of

E to Px) as tangent bundle. The maximal connected

submanifolds satisfying this property are called the

integral submanifolds of the differential system (S).

They define a partition of M i.e. a codimension n

foliation. We have the Frobenius Theorem:

Let E be a subbundle of rank m given locally

by a differential system like in (S). Then the fol-

lowing assertions are equivalent:

– E is involutive,

– E is completely integrable,

– there exist differential 1-forms (defined lo-

cally) (βij), such that dωi =
∑n

j=1 βij ∧ ωj i = 1, . . . , n.

Let ω be a non ingular 1-form on M. Then ω defines

a codimension 1 foliation if and only if there exists a

1-form β such that dω = β ∧ ω; this is equivalent to

ω ∧ dω = 0. In particular this is the case if ω is closed.

On the other hand the non singular 1-form on R3,

7



ω = dx − zdy satisfies the relation ω ∧ dω = dx ∧ dy ∧ dz

and cannot define a foliation. The plane field E ⊂ TR3,

kernel of the 1-form ω, has the remarkable following

property: given two points a and b in R3, there exists

a differentiable curve γ : [0, 1] −→ R3 such that γ(0) = a

and γ(1) = b and γ is tangent to E at every point. We

say that ω is a contact structure. Contact structures

are the opposite of foliated structures.
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2. Examples
2.1. Simple foliations.

Two trivial foliations can be defined on a manifold

M: the first one is obtained by considering that all

the leaves are the points; the second one has only one

leaf, namely, M itself.

Every submersion M
π−→ B with connected fibres

defines a foliation. The leaves being the fibres π−1(b),

b ∈ B. In particular, every product F × B is a folia-

tion with leaves F × {b}, b ∈ B. These foliations are

transversely orientable if, and only if, the manifold B

is orientable.

2.2. Linear foliation on the torus T2.

This example will be differently described in the

subsection 4.2. Let M̃ = R2 and consider the linear

differential equation dy−αdx = 0 where α is a real num-

ber. This equation has y = αx + c, c ∈ R as general

solution. When c varies, we obtain a family of parallel

lines which defines a foliation F̃ in M̃. The natural

action of Z2 on M̃ preserves the foliation F̃ (i.e. the
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image of any leaf of F̃ by an integer translation is a

leaf of F̃). Then F̃ induces a foliation F on the torus

T2 = R2/Z2. The leaves are all diffeomorphic to the

circle S1 if α is rational and to the real line if α is not

rational (cf. Fig. 2). In fact, if α is not rational, every

leaf of F is dense; this shows that even if locally a

foliation is simple, globally it can be complicated.

Fig. 2

2.3. One dimensional foliations.

Let M be a closed (i.e. without boundary) manifold

of dimension n. Let X be a non singular vector field

on M that is, for every x ∈ M, the vector Xx ∈ TxM
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is non zero. Then its integral curves are leaves of a

1-dimensional foliation. This is also the case for a line

bundle on M (not necessarily a vector field). In fact

there is a natural one-to-one correspondence between

the set of C∞-line bundles and the set of 1-dimensional

C∞-foliations.

The fact that M admits a one dimensional foliation

depends on its topology. For each r = 0, 1, . . . , n, let

Hr(M) denote the real r-th cohomology space of M

which is finite dimensional. Then the number:

χ(M) =
n∑

r=0

(−1)rdim Hr(M)

is a topological invariant (that is, it depends only on

the topology of M) called the Euler-Poincaré number

of M. This number can also be defined by using a tri-

angulation T of M. Let S, A and F denote the numbers

respectively of the vertices, edges and faces of the tri-

angulation T . Then χ(M) = S − A + F. We have the

following theorem: The manifold M admits a one

dimensional foliation if, and only if, χ(M) = 0.
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χ(S2) = 4− 6 + 4 = 2

Fig. 3

χ(Σ2) = dimH0(Σ2)−dimH1(Σ2)+dimH2(Σ2) = 1−4+1 = −2

Fig. 4
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2.4. Reeb foliation on the 3-sphere S3.

Let M be the 3 dimensional sphere:

S3 = {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1}.

Denote by D the open unit disc in C and D its closure

which is the closed unit disc {z ∈ C : |z| ≤ 1}. The two

subsets:

M+ =
{

(z1, z2) ∈ S3 : |z1|2 ≤ 1
2

}

and

M− =
{

(z1, z2) ∈ S3 : |z2|2 ≤ 1
2

}

are diffeomorphic to D× S1. They have T2 as common

boundary:

T2 = ∂M+ = ∂M− =
{

(z1, z2) ∈ S3 : |z1|2 = |z2|2 =
1
2

}

and their union is equal to S3. Then S3 can be ob-

tained by gluing M+ and M− along their boundaries

by the diffeomorphism (z1, z2) ∈ ∂M+ −→ (z2, z1) ∈ ∂M−,
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i.e. we identify (z1, z2) with (z2, z1) in the disjoint union

M+

∐
M−. Let f : D −→ R be the function defined by:

f(z) = exp
(

1
1− |z|2

)
.

Let t denote the second coordinate in D×R. The family

of surfaces (St)t∈R obtained by translating the graph S

of f along the t-axis defines a foliation on D × R. If

we add the cylinder S1 × R, where S1 is viewed as the

boundary of D, we obtain a codimension one foliation

F̃ on D × R. By construction, F̃ is invariant by the

transformation (z, t) ∈ D × R 7−→ (z, t + 1) ∈ D × R; so it

induces a foliation F0 on the quotient:

D× R/(z, t) ∼ (z, t + 1) ' D× S1.

It has the boundary T2 = S1 × S1 as a closed leaf. The

others are diffeomorphic to R2.
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Fig. 5

Because M+ and M− are diffeomorphic to D × S1, F0

defines on M+ and M− respectively two foliations F+

and F− which give a codimension one foliation F on

S3 called the Reeb foliation. All the leaves are diffeo-

morphic to the plane R2 except one which is the torus,

the common boundary L of the two components M+

and M−. Its holonomy is given by the representation:

h : π1(L) = Z2 −→ G(R, 0)

(G(R, 0) is the group of germs at 0 of diffeomorphisms

of R fixing the point 0) which sends the generator

(1, 0) (resp. the generator (0, 1)) to the germ of the
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diffeomorphism h1 (resp. h2) equal to the identity on

[0,+∞[ (resp. on ] − ∞, 0]) different from the identity

on ] −∞, 0] and infinitely tangent to it at 0 (resp. on

[0,+∞[).

2.5. Lie group actions.

Let M be a manifold of dimension m + n and G a

connected Lie group of dimension m. An action of G

on M is a map G×M
Φ−→ M such that:

– Φ(e, x) = x for every x ∈ M (where e is the unit

element of G),

– Φ(g′,Φ(g, x)) = Φ(g′g, x) for every x ∈ M and every

g, g′ ∈ G.

Suppose that, for every point x ∈ M, the dimension

of the isotropy subgroup Gx = {g ∈ G : Φ(g, x) = x} is in-

dependent of x. Then the action Φ defines a foliation

F of dimension = m− dim Gx; its leaves are the orbits

{Φ(g, x) : g ∈ G}. In particular this is the case if Φ is

locally free i.e. if, for every x ∈ M, the isotropy sub-

group Gx is discrete. An explicit example is given when

M is the quotient H/Γ of a Lie group H by a discrete
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subgroup Γ and G is a connected Lie subgroup of H;

the action of G on M being induced by the left action

of G on H. We say that F is a homogeneous foliation.

Let us give an example. Let A ∈ SL(m + n − 1,Z),

where m+n ≥ 3, be a matrix diagonalizable on the field

R and having all its eigenvalues µ1, . . . , µm−1, λ1, . . . , λn

positive. Let u1, · · · , um−1, v1, · · · , vn be the corresponding

eigenvectors in Rm+n−1. As we can think of A as a dif-

feomorphism of the (m+n−1)-torus Tm+n−1, the vectors

u1, . . . , um−1, v1, . . . , vn can be considered as linear vector

fields on Tm+n−1 such that A∗uj = µjuj , A∗vk = λkvk for

(j, k) varying in the set {1, . . . ,m − 1}× ∈ {1, . . . , n}. Let

(x1, · · · , xm−1, y1, · · · , yn, t) be the coordinates of a vector

in Rm+n = Rm+n−1 × R. Then the vector fields :

u1, · · · , um−1, v1, · · · , vn, um =
∂

∂t

generate the Lie algebra (over the ring of functions of

class C∞) X(Rm+n). The vector fields:

Xi = µt
iui, Yj = λt

jvj and Xm =
∂

∂t
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(for i = 1, · · · ,m − 1 and j = 1, · · · , n) satisfy the bracket

relations:

[Xi, X`] = [Xi, Yj ] = [Yj , Yk] = 0

[Xm, Xi] = ln(µi)Xi, [Xm, Yj ] = ln(λj)Yj

(for i, ` = 1, · · · ,m − 1 and j, k = 1, · · · , n,) and then gen-

erate over the field R a finite dimensional Lie algebra

H. It is the semi-direct product of the abelian algebra

H0 generated by X1, · · · , Xm−1, Y1, · · · , Yn and the one di-

mensional Lie algebra generated by Xm; H is solvable.

The Lie subalgebra G defined by X1, · · · , Xm is also solv-

able and it is an ideal of H. The simply connected

Lie groups H and G corresponding respectively to H
and G can be constructed as follows. As the eigen-

values of the matrix A are real positive, the group

R acts on Rm+n−1: (t, z) ∈ R × Rm+n−1 7−→ Atz ∈ Rm+n−1

(where z = (x1, · · · , xm−1, y1, · · · yn)) leaving invariant the

eigenspace E corresponding to µ1, · · · , µm−1; this action

defines the groups H and G respectively as the semi-

direct products Rm+n−1 oR and E oR. Because the co-

efficients of A are in Z, the preceding action restricted
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to Z preserves the subgroup Zm+n−1; this gives a sub-

group Γ = Zm+n−1 o Z which is a cocompact lattice of

H. The quotient Tm+n
A = H/Γ is a compact manifold of

dimension m+n. As we have already pointed, any sub-

group of H induces a locally free action on H/Γ which

defines a foliation. In our example we have two sub-

groups: G and the normal abelian subgroup K whose

Lie algebra is the ideal generated by Y1, · · · , Yn. Their

actions on Tm+n
A give respectively two foliations F and

V; V is a Lie foliation transversely modeled on the Lie

group G.
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3. Suspensions

One of the main class of foliations is obtained by the

suspension procedure of groups of diffeomorphisms.

This section will be devoted to the definition of this

procedure and to give some examples of groups of

diffeomorphisms which give interesting foliations.

3.1. General construction

Let B and F be two manifolds, respectively of di-

mensions m and n. Suppose that the fundamental

group π1(B) of B is finitely generated. Let

ρ : π1(B) −→Diff(F )

be a representation, where Diff(F ) is the diffeomor-

phism group of F . Denote by B̃ the universal covering

of B and F̃ the horizontal foliation on M̃ = B̃ × F , i.e.,

the foliation whose leaves are the subsets B̃×{y}, y ∈ F .

This foliation is invariant by all the transformations

Tγ : M̃ −→ M̃ defined by Tγ(x̃, y) = (γ · x̃, ρ(γ)(y)) where γ · x̃
is the natural action of γ ∈ π1(B) on B̃; then F̃ induces
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a codimension n foliation Fρ on the quotient manifold:

M = M̃/(x̃, y) ∼ (γ · x̃, ρ(γ)(y)).

We say that Fρ is the suspension of the diffeomorphism

group Γ = ρ(π1(B)). The leaves of Fρ are transverse

to the fibres of the natural fibration induced by the

projection on the first factor B̃ × F −→ B̃.

Conversely, suppose that F −→ M
π−→ B is a fi-

bration with compact fibre F and that F is a codi-

mension n foliation (n = dimension of F) transverse

to the fibres of π. Then there exists a representation

ρ : π1(B) −→Diff(F ) such that F = Fρ.

The geometric transverse structures of the foli-

ation F are exactly the geometric structures on the

manifold F invariant by the action of Γ. So to give ex-

amples of foliations obtained by suspension, it is suffi-

cient to construct examples of diffeomorphism groups.

This is what we shall do now.

3.2. Let G be any compact Lie group of dimension n

and Γ a finitely presented subgroup of G (in particular
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Γ is countable). Then there exists a compact manifold

B such that π1(B) = Γ. Of course, the subgroup Γ can

be viewed as a group of diffeomorphisms of G (Γ acts

on G by left multiplication). The suspension of Γ gives

a codimension n foliation; it is in fact a Lie foliation

transversely modeled on G. Concrete examples are

given for instance by the following representation.

- The compact Abelian Lie group Tn is the maximal

torus of the compact Lie group SO(2n,R). Any element

g can be represented by a matrix:




A1

. . .
An




where:

Aj =
(

cos 2πθj sin 2πθj

− sin 2πθj cos 2πθj

)

and all the other entries are equal to 0. Let Γ = Zm;

this group has a system of generators (γ1, · · · , γm) where

γ1 = (1, 0, · · · , 0), γ2 = (0, 1, · · · , 0), · · ·, γm = (0, · · · , 0, 1). Let

ρ : Γ −→ Tn be the representation which sends the gen-

erator γj (for j = 1, · · · ,m) to the matrix:
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. . . (
cos 2παj sin 2παj

− sin 2παj cos 2παj

)

. . .




where α1, · · · , αn ∈]0, 1[. The remaining entries in the

diagonal are 1 and the other are equal to 0. The folia-

tion obtained by suspending this representation is the

linear codimension n foliation on the torus Tm+n.

3.3. Now let n an integer ≥ 2 and A a matrix of order

n with coefficients in Z an determinant equal to 1 i.e.

A is an element of SL(n,Z). Suppose that A admits n

real positive eigenvalues λ1, · · · , λn such that, for each

λ ∈ {λ1, · · · , λn}, the components (v1, · · · , vn) in Rn of an

eigenvector v associated to λ are linearly independent

over Q i.e. , for m ∈ Zn, every relation 〈m, v〉 = 0 implies

m = 0 (where 〈 , 〉 is the Euclidean product in Rn). Such

matrices exist ; take for instance(cf. [EN1]):

A =




1 1 1 . . . 1
1 2 0 · · · 0
1 0 3 . . . 0
...

...
...

. . .
...

1 0 0 . . . dn
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with d1 = 1 and di+1 = 1+d1d2 · · · di for i = 1, · · · , n−1. This

fact is easy to verify for n ≤ 3. Let G be the solvable

Lie group semi-direct RnoR where R acts on Rn by the

matrix A:

(t, u) ∈ R× Rn 7−→ Atu ∈ Rn.

Because the coefficients of A are integers, this action

preserves the lattice Zn, so we can construct the semi-

direct product ZnoZ exactly in the same way; then we

obtain a cocompact discrete subgroup Γ of G. The

quotient manifold B = G/Γ is a flat fibre bundle with

fibres the n-torus Tn over the circle S1.

Now let λ ∈ {λ1, · · · , λn} and v an associated eigen-

vector. Since λ〈m, v〉 = 〈m′, v〉 where A′(m) = m′ ∈ Zn

(A′ is the transpose matrix of A), Γ can be embedded

in SL(n,C) as follows: choose integers a1, · · · , an−1, set

a = a1 + · · · + an−1 and associate to (m, `) ∈ Zn o Z the

matrix n× n

λ−
a`
n




λa1` · · · 0 〈m, v〉
...

. . .
...

...
... λan−1` 0
0 · · · 0 1
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(only the terms in the diagonal and the term in the

first line and the nth column are nonzero). So we

obtain a representation

ρ : π1(B) = Γ −→ Aut(Pn−1(C)).

The action of Γ on Pn−1(C) extends to the point ∞ the

affine action on Cn−1:

(z1, · · · , zn−1) 7−→ (λa1`z1 + 〈m, `〉, λa2`z2, · · · , λan−1`zn−1)

for every (m, `) ∈ Γ. The suspension of this represen-

tation gives a transversely holomorphic foliation F of

codimension n− 1 on the compact differentiable mani-

fold M, quotient of M̃ = Pn−1(C)×G by the equivalence

relation which identifies (z, x) to (ρ(γ)(z), γx) with γ ∈ Γ

(Γ acts on G by left translation). The leaves of F
are homogeneous spaces of G by discrete subgroups.

Note that F is not transversely Kählerian because the

image of the representation ρ does not preserve the

Kählerian metric on Pn−1(C).

3.4. Let SL(n,R) be the group of real matrices of or-

der n and determinant 1. This is a real form of the
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group SL(n,C) (complex matrices of order n and deter-

minant 1). This group acts by projective tranforma-

tions on Pn−1(C) (complex projective space of dimen-

sion n − 1). Then every subgroup of SL(n,C) acts by

the same transformations on Pn−1(C).

The construction of the following group Γ and the

study of its properties can be found in [Mil]. In the

upper half plane H = {z = x+iy : y > 0} with the Poincaré

metric dx2+dy2

y2 we consider a geodesic triangle T (p, q, r)

with angles π
p ,

π
q et π

r such that 1
p + 1

q + 1
r < 1. We de-

note by σ1, σ2 et σ3 the reflections with respect to the

sides of this triangle; they generate an isometry group

Σ∗; elements which preserve the orientation form a

subgroup Σ of Σ∗ of index 2 called the triangle group

and denoted T (p, q, r). It is a subgroup of SL(2,R) and

its pull-back Γ by the projection S̃L(2,R) −→ SL(2,R)

(S̃L(2,R) is the universal covering of SL(2,R)) is a cen-

tral extension

0 −→ Z −→ Γ −→ Σ −→ 1.
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The group Γ has the presentation

Γ = 〈γ1, γ2, γ3 | γp
1 = γq

2 = γr
3 = γ1γ2γ3〉.

The quotient B = S̃L(2,R)/Γ is a compact manifold of

dimension 3. If the integers p, q et r are mutually prime

the cohomology (with coefficients in Z) of B is exactly

the cohomology of the sphere S3. Since Γ is a sub-

group of S̃L(2,R), it acts on P 1(C). So we obtain a (non

injective) representation ρ : π1(B) = Γ −→ Aut(P 1(C)).

The suspension of such representation gives a trans-

versely holomorphic foliation F of codimension 1 on the

differentiable manifold M of dimension 5, quotient of

M̃ = P 1(C) × S̃L(2,R) by the equivalence relation which

identifies (z, x) with (ρ(γ)(z), γx) (Γ acts on S̃L(2,R) by

left translation). The leaves of F are homogeneous

spaces of S̃L(2,R) by discrete subgroups.

3.5. The 1-dimensional real projective space P 1(R) is

obtained by adding the point ∞ to the real line R; it

is also isomorphic to the circle S1. The group SL(2,R)

real matrices
(

a b
c d

)
with ad − bc = 1 acts analytically
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on S1 by:
((

a b
c d

)
, x

)
∈ SL(2,R)× S1 7−→ ax + b

cx + d
∈ S1.

For any integer m such that m ≥ 2, the two elements

γ1 =
(

1 m
0 1

)
and γ2 =

(
1 0
m 1

)
generate a free non

Abelian subgroup Γ (cf. [KM]) of the group Diff(S1)

of diffeomorphisms of the circle S1.

Let B1 and B2 be two copies of S2 × S1; each one

of them has its fundamental group isomorphic to Z.

By Van Kampen theorem, the connected sum B =

B1#B2 (which is a 3-dimensional manifold) has the non

Abelian free group on two generators α1 and α2 as fun-

damental group. Let ρ : π1(B) −→ Γ be the represen-

tation defined by ρ(α1) = γ1 and ρ(α2) = γ2. As usual,

the suspension of this representation gives rise to a

codimension 1 foliation on the 4-manifold M which is a

flat bundle S1 −→ M −→ B. This foliation is transversely

homogeneous (in fact transversely projective).

3.6. Let B be the circle S1 and F = R+ = [0,+∞[. Let

ρ be the representation of Z = π1(S1) in Diff([0,+∞[) de-

fined by ρ(1) = ϕ where ϕ(y) = λy with λ ∈]0, 1[. Because
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ϕ is isotopic to the identity map of F , the manifold M

is diffeomorphic to S1×R+ and the foliation Fρ has one

closed leaf diffeomorphic to the circle S1, correspond-

ing to the fixed point ϕ(0) = 0 (see Fig. 6).

Fig. 6
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4. Transverse structures

Let us fix some notations. Let F be a codimension n

foliation on M. We denote by TF the tangent bun-

dle to F and νF the quotient TM/TF which is the

normal bundle to F; X(F) will denote the space of sec-

tions of TF (elements of X(F) are vector fields X ∈ X(M)

tangent to F). A differential form α ∈ Ωr(M) is said to

be basic if it satisfies iXα = 0 and LXα = 0 for every

X ∈ X(F). (Here iX and LX denote respectively the

inner product and the Lie derivative with respect to

the vector field X.) For a function f : M −→ R, these

conditions are equivalent to X · f = 0 for every X ∈ X(F)

i.e. f is constant on the leaves of F; we denote by

Ωr(M/F) the space of basic forms of degree r on the

foliated manifold (M,F); this is a module over the al-

gebra B of basic functions. A vector field Y ∈ X(M) is

said to be foliated, if for every X ∈ X(F), the bracket

[X, Y ] ∈ X(F). We can easily see that the set X(M,F) of

foliated vector fields is a Lie algebra and a B-module;

by definition X(F) is an ideal of X(M,F) and the quo-
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tient X(M/F) = X(M,F)/X(F) is called the Lie algebra

of transverse (or basic) vector fields on the foliated

manifold (M,F). Also, it has a module structure over

the algebra B.

Let M be a manifold of dimension m + n endowed

with a codimension n foliation F defined by a foliated

cocycle {Ui, fi, T, γij} like in definition 1.2.

4.1. Definition. A transverse structure to F is a

geometric structure on T invariant by the local

diffeomorphisms γij.

This is a very important notion in foliation theory.

To make it clear, let us give the main examples of such

structures.

4.2. Lie foliations

We say that F is a Lie G-foliation, if T is a Lie

group G and γij are restrictions of left translations on

G. Such foliation can also be defined by a 1-form ω on

M with values in the Lie algebra G such that:

i) ωx : TxM → G is surjective for every x ∈ M,

ii) dω + 1
2 [ω, ω] = 0.
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If G is Abelian, ω is given by n linearly independant

closed scalar 1-forms ω1, . . . , ωn.

In the general case, the structure of a Lie folia-

tion on a compact manifold, is given by the following

theorem due to E. Fédida [Féd]:

Let F be a Lie G-foliation on a compact man-

ifold M. Let M̃ be the universal covering of M

and F̃ the lift of F to M̃. Then there exist a ho-

momorphism h : π1(M) −→ G and a locally trivial

fibration D : M̃ −→ G whose fibres are the leaves of

F̃ and such that, for every γ ∈ π1(M), the following

diagram is commutative:

(∗)
M̃

γ−→ M̃
D ↓ ↓ D

G
h(γ)−→ G

where the first line denotes the deck transforma-

tion of γ ∈ π1(M) on M̃.

The group Γ = h(π1(M)) (which is a subgroup of

G) is called the holonomy group of F although the
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holonomy of each leaf is trivial. The fibration :

D : M̃ −→ G

is called the developing map of F.

This theorem gives also a way to construct a Lie

foliation. Let us see explicitly a particular example.

Let M be the 2-torus T2; its universal covering M̃ is

R2 and his fundamental group is Γ = Z2. Denote by

h the morphism from Γ to the Lie group G = R given

by h(m,n) = n + αm where α is a real positive number.

For convenience we will consider that the action of an

element (m,n) = γ ∈ Γ on R2 is given by:

(x + y) ∈ R2 γ7−→ (x−m, y + n) ∈ R2.

Let D : R2 −→ R be the submersion defined by D(x, y) =

y − αx. It is not difficult to see that, for any γ ∈ Γ, the

diagram:
R2 γ−→ R2

D ↓ ↓ D

R h(γ)−→ R

is commutative i.e. the fibration D : R2 −→ R is equiv-

ariant under the action of Γ on R2 and then induces
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a Lie foliation on T2 transversely modeled on the Lie

group R.

4.3. Transversely parallelizable foliations

We say that F is transversely parallelizable if there

exist on M foliated vector fields Y1, . . . , Yn, transverse to

F and everywhere linearly independent. This means

that the manifold T admits a parallelism (Y1, . . . , Yn) in-

variant by all the local diffeomorphisms γij or, equiv-

alently, that the B-module X(M/F) is free of rank n.

The structure of a transversely parallelizable foliation

on a compact manifold is given by the following the-

orem due to L. Conlon [Con] for n = 2 and in general

to P. Molino [Mol].

Let F be a codimension n transversely par-

allelizable foliation on a compact manifold M.

Then:

(1) the closures of the leaves are submanifolds

which are fibres of a locally trivial fibration π :

M −→ W where W is a compact manifold,

(2) there exists a simply connected Lie group
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G0 such that the restriction F0 of F to any leaf

closure F is a Lie G0-foliation,

(3) the cocycle of the fibration π : M −→ W has

values in the group of diffeomorphisms of F pre-

serving F0.

The fibration M
π−→ W and the manifold W are

called the basic fibration and the basic manifold of F.

This theorem says that if, in particular, the leaves

of F are closed, then the foliation is just a fibration

over W . This is still true even if the leaves are not

closed: the manifold M is a fibration over the leaf

space M/F which is, in this case, a Q-manifold in the

sense of [Bar]. The preceding theorem is still valid for

transversely complete foliations on non compact man-

ifolds (cf. [Mol]).

Any Lie foliation is transversely parallelizable. This

is a consequence of the fact that a Lie group is par-

allelizable and that the parallelism can be chosen in-

variant by left translations.

35



4.4. Riemannian foliations

The foliation F is said to be Riemannian if there

exists on T a Riemannian metric such that the local

diffeomorphisms γij are isometries. Using the submer-

sions fi : Ui −→ T one can construct on M a Riemannian

metric which can be written in local coordinates:

ds2 =
m∑

i,j=1

θi ⊗ θj +
n∑

k,`=1

gk`(y)dyk ⊗ dy`.

(This metric is said to be bundle like.) Equivalently, F
is Riemannian, if any geodesic orthogonal to the leaves

at a point is orthogonal to the leaves everywhere. See

the paper [Rei] by B. Reinhart who introduced firstly

the notion of Riemannian foliation.

Let F be Riemannian. Then there exists a Levi-

Civita connection, transverse to the leaves which, by

unicity argument, coincides on any distinguished open

set, with the pull-back of the Levi-Civita connection

on the Riemannian manifold T . This connection is said

to be projectable. Let:

O(n) −→ M# τ−→ M
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be the principal bundle of orthonormal frames trans-

verse to F. The following theorem is due to P. Molino

[Mol]:

Suppose M is compact. Then, the foliation F
can be lifted to a foliation F# on M# of the same

dimension and such that:

(1) F# is transversely parallelizable,

(2) F# is invariant under the action of O(n)

on M# and projects, by τ, on F.

The basic manifold W# and the basic fibration

F# −→ M# π#

−→ W# are called the basic manifold and

the basic fibration of F.

We have the following properties:

– the restriction of τ to a leaf of F# is a covering

over a leaf of F. So all leaves of F have the same

universal covering (cf. [Rei]),

– the closure of any leaf of F is a submanifold of

M and the leaf closures define a singular foliation (the

leaves have different dimensions) on M. (For more

details about this notion see [Mol].)
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Another interesting result for Riemannian folia-

tions is the Global Reeb Stability Theorem which is

valid even if the codimension is greater than 1.

Let F be a Riemannian foliation on a compact

manifold M. If there exists a compact leaf with fi-

nite fundamental group, then all leaves are compact

with finite fundamental group.

The property F is Riemannian means that the leaf

space Q = M/F is a Riemannian manifold even if Q

does not support any differentiable structure !

4.5. Transversely holomorphic foliations

We say that F is transversely holomorphic if T is

a complex manifold and the γij are local biholomor-

phisms. Particular case is a holomorphic foliation: the

manifolds M and T are complex, all the fi are holo-

morphic and all γij are local biholomorphisms.

If T is Kählerian and γij are biholomorphisms pre-

serving the Kähler form on the manifold T , we say that

F is transversely Kählerian. For example, any codi-

mension 2 Riemannian foliation which is transversely
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orientable is transversely Kählerian.

Let us give concrete examples of such foliations.

Let M be the unit sphere in the Hermitian space Cn+1:

M = S2n+1 =
{

(z1, . . . , zn+1) ∈ Cn+1 :
∑n+1

k=1 |zk|2 = 1
}

. Let Z

be the holomorphic vector field on Cn+1 given by the

formula: Z =
n+1∑

k=1

akzk
∂

∂zk
where ak = αk + iβk ∈ C. There

exists a good choice of the numbers ak such that the

orbits of Z intersect transversely the sphere M; then

Z induces on M a real vector field X which defines a

foliation F. It is not difficult to see that F is trans-

versely holomorphic. It is transversely Kählerian if we

choose in addition αk = 0 for any k = 1, . . . , n + 1.
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5. The basic cohomology

Let M be a manifold equipped with a codimension n

foliation F. Recall that a differential form α is said to

be basic if it satisfies iXα = LXα = 0 for every vector

field X tangent to F. If α is basic so is dα; then ba-

sic forms constitute a differential complex (Ωr(M/F), d)

called the basic complex of the foliation F; its homo-

logy H∗(M/F) is the basic cohomology of F. It can be

viewed as the de Rham cohomology of the leaf space

M/F even it does not admit any differentiable struc-

ture. If F is a fibration M −→ B, H∗(M/F) is exactly the

de Rham cohomology of B. The following question is

natural: in which sense the basic cohomology looks

like the de Rham cohomology of a manifold? For

instance is H∗(M/F) finite dimensional when M is

compact? This is immediate for H0(M/F) and H1(M/F)

which injects in H1(M). But in general this is not the

case for Hp(M/F) with p ≥ 2 as it was shown by G.W.

Schwarz [Sch] and E. Ghys [Ghy1] who gave an exam-

ple of a real analytic foliation whose H2(MF) is infinite
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dimensional. But the answer is positive when the fo-

liation is Riemannian.

5.1. The case of a Lie foliation

Suppose that F is a Lie G-foliation. Let π1(M) h−→ G

be the holonomy representation and D : M̃ −→ G the

developing map associated to F. Denote by F̃ the

pull-back of F to the universal covering M̃. For every

γ ∈ π1(M) the following diagramm is commutative:

(∗)
M̃

γ−→ M̃
D ↓ ↓ D

G
h(γ)−→ G

.

The basic forms for F on M are the basic forms for

F̃ on M̃ invariant by the action of π1(M). By the di-

agram (∗) the space Ω∗(M/F) is canonically isomor-

phic to the space of differential forms on G invari-

ant by Γ = h(π1(M)) and then (by continuity) to the

space Ω∗K(G) of differential forms on G invariant by the

closure K of Γ in G. The two differential complexes

(Ω∗(M/F), d) and (Ω∗K(G), d) are canonically isomorphic;

so their homologies H∗(M/F) and H∗
K(G) are the same.

In particular if the leaves of F are dense, K = G and
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H∗(M/F) is the cohomology H∗(G) of the Lie algebra G
of G.

Let us give an explicite example where all the

leaves are dense i.e. K = G. Let X = ∂
∂x0

+ a1
∂

∂x1
+ . . . +

an
∂

∂xn
be a linear vector field on the torus Tn+1. The

orbits of X define a one dimensional Lie Rn-foliation F.

If the real numbers 1, a1, . . . , an are linearly independent

over Q, the leaves of F are all dense. Then H∗(Tn+1/F)

is the exterior algebra Λ∗Rn of Rn.

The result is the same if F is a linear foliation on

Tm+n with all leaves dense and defined by m vector

field X1, · · · , Xn which are linearly independent.

5.2. The case of a transversely parallelizable foliation

Suppose F is transversely parallelizable and let F ↪→
M

π−→ W be its basic fibration. We know that there

exists a simply connected Lie group G0 such that the

induced foliation F0 on each fibre F is a Lie G0-foliation

and the cocycle of the fibration π is with values in the

group Diff(F,F0). Let G0 be the Lie algebra of G0. Then

there exists a spectral sequence (Er) (cf. [ESH]) with
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term:

Epq
2 = Hp(W,Hq)

converging to H∗(M/F). Here Hq is the locally con-

stant presheaf on W with fibre Hq(G0). As W is com-

pact and Hq(G0) is finite dimensional, the basic coho-

mology H∗(M/F) is also finite dimensional. The vector

space Hn(M/F) = Est
2 (where s =dim(W ) and t =dim(G0))

is trivial or isomorphic to R; in the last case we say

that F is homologically orientable. This property has

an interesting geometric interpretation: there exists

a bundle-metric on M for which the leaves are

minimal submanifolds if and only if F is homo-

logically orientable. (cf. [Mas]).

Let us compute an explicite example. Let GA be

the Lie group of affine transformations x ∈ R 7−→ ax+b ∈
R where a ∈]0,+∞[ and b ∈ R. It can be embedded in

the group G =SL(2,R) as follows:

(
x −→ ax + b

a > 0

)
∈ GA 7−→ 1√

a

(
a b
0 1

)
∈ SL(2,R).
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There exists (cf. [EN3]) a compact manifold M equip-

ped with a Lie G-foliation F with GA as the closure of

its holonomy group. Then, the basic cohomology of F
is the cohomology of differential forms on G invriant

by GA. The quotient SL(2,R)/GA is diffeomorphic to

the circle S1. Then we have a spectral sequence:

Epq
2 = Hp(S1,Hq(GA))

converging to H∗(M/F). Because the fibre bundle:

GA ↪→ SL(2,R) −→ S1

is principal and GA connected, the action of π1(S1) on

Hq(GA) is trivial. So:

Epq
2 = Hp(S1)⊗Hq(GA).

As dim(S1) = 1, this spectral sequence converges at the

E2 term, that is:

Hr(M/F) =
⊕

p+q=r

Hp(S1)⊗Hq(GA).

But Hq(GA) = R for q = 0, 1 and 0 otherwise. So we get:

H∗(M/F) =

{
R if ∗ = 0, 2
R⊕ R if ∗ = 1
0 otherwise.
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5.3. The case of a Riemannian foliation

We will use the same idea as in the case of a trans-

versely parallelizable foliation even if the leaf closures

does not have the same dimension. For details see

[EN2].

The topological space X, quotient of M by the leaf

closures is not a manifold in general and the projec-

tion π : M −→ X is not a fibration. However, locally

the foliation F has a good behaviour (cf. [Hae]). It

was proved in [EN2] that X admits a good cover i.e.

an open cover U = {Ui} (which can be chosen finite

{U1, · · · , Uk} because X is compact) such that each in-

tersection Ui1∩· · ·∩Uip is contractible. Then there exists

a spectral sequence:

Epq
2 = Hp(U ,Hq

b)

converging to H∗(M/F). Here Hq
b is the preasheaf on X

which associates to any open set U the vector space

Hq(π−1(U)/F). If L is a leaf closure with minimal di-

mension contained in π−1(U), the injection L ↪→ π−1(U)
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induces an isomorphism Hq(π−1(U)/F) ' Hq(L/F). Since

the foliation in L is with dense leaves, its basic coho-

mology is finite dimensional (the space of basic forms

itself is finite dimensional) and so is H∗(M/F) (because

the cover U is finite). It was also proved in [EN2] that

the basic cohomology is a topological invariant in the

category of complete Riemannian foliations. (Any Rie-

mannian foliation on a compact manifold is complete.)

To illustrate concretely these methods, let us give

an example. Let F be the transversely Kählerian flow

defined on S3 =
{
(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1

}
by the re-

striction of the holomorphic vector field:

Z = iβ1
∂

∂z1
+ iβ2

∂

∂z2

(cf. subsection 2.6) where β1 and β2 are real numbers

such that β1
β2

/∈ R−. If β1 = β2 = 1, F is just the Hopf

fibration:

S1 ↪→ S3 −→ P 1(C).

We will compute the basic cohomology of F. If all

the leaves of F are compact, the quotient X = M/F
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is an orbifold homeomorphic to the 2-sphere S2; then

H∗(M/F) = H∗(S2). Suppose that the leaves are not

closed. Then the leaf closures are diffeomorphic to the

torus T2 except two of them L1 and L2 corresponding

to the points z1 = 0 and z2 = 0. The space X is home-

omorphic to [0, 1]. Take the open sets U1 = [0, 2/3[ and

]1/3, 1]; U1, U2 and the intersection U12 = U1∩U2 =]1/3, 2/3[

are contractible so U = {U1, U2} is a good cover of [0, 1].

Let V1 = π−1(U1), V2 = π−1(U2) and V12 = π−1(U1 ∩U2). It is

easy to see that:

H∗(V1/F) = H∗(V2/F) = H∗(point) =
{
R for ∗ = 0
0 otherwise

and

H∗(V12/F) = H∗(S1) =
{
R for ∗ = 0, 1
0 otherwise.

Since the cover U contains only two open sets, the

spectral sequence is reduced to an exact sequence:

0 −→ H0(S3) −→ R⊕ R −→ R −→ H1(S3/F) −→ 0

−→ R −→ H2(S3/F) −→ 0.
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Since H1(S3/F) injects in H1(S3) = 0, H1(S2/F) = 0 and

this exact sequence gives:

H∗(S3/F) =
{
R for ∗ = 0, 2
0 otherwise

which is exaclty the de Rham cohomology of P 1(C); in

particular H∗(S3/F) does not depend on β1 and β2. The

following example is a generalization of this situation.

5.4. Flow of isometries

Suppose that dim(M) = n+1 and that F is defined by

a locally free isometric action of the Lie group R (the

action preserves a Riemannian metric g on M). This is

always the case if M is simply connected (cf. [Ghy2]: a

Riemannian flow on a simply connected manifold is an

isometry flow). The image of R by the representation

R −→ Isom(M) which defines the action is a connected

abelian subgroup of the compact group Isom(M) of

isometries of Riemannian manifold (M, g); its closure is

a compact abelian subgroup K (K is a torus). Then

the de Rham cohomology of M is isomorphic to the

cohomology of the complex (ΩK(M), d) of differential
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forms on M invariant by the action of K. Let X be the

fundamental vector field defining F. It is easy to see

that:

Ω∗(M/F) = {ω ∈ Ω∗K(M) : iXω = 0} .

For r = 1, · · · , n + 1 let φ : Ωr
K(M) −→ Ωr−1

K (M) be defined

by φ(ω) = (−1)riXω. The image of φ is Ωr−1(M/F) and

the sequence:

0 −→ Ωr(M/F) ↪→ Ωr
K(M)

φ−→ Ωr−1(M/F) −→ 0

is exact. Then it gives a long exact cohomology se-

quence:

0 −→ H0(M/F) −→ H0(M) −→ H−1(M/F) = 0

−→ H1(M/F) −→ H1(M) −→ H0(M/F) = R −→ · · ·

· · · −→ Hr(M/F) −→ Hr(M)Hr−1(M/F) −→ · · ·

If M is a homology sphere (i.e. it has the homology

of a sphere), the integer n is necessarily even and the

long exact sequence gives:

H∗(M/F) =
{
R if r is even and 0 ≤ r ≤ n
0 otherwise.
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The basic cohomology of F is exactly the de Rham

cohomology of the n-dimensional complex projective

space Pn(C). An explicite example is the transversely

Kählerian flow on S2n+1 induced by the holomorphic

vector field in CN+1:

Z =
n+1∑

k=1

iβkzk
∂

∂zk

for a good choice of the real numbers β1, · · · , βn+1. For

β1 = · · · = βn+1 = 1, this flow is just the Hopf fibration

S1 ↪→ S2n+1 −→ Pn(C).

The study of the basic cohomology by Hodge the-

ory was done by many authors. See for instance [Elk]

where it appears as a particular case of the general

theory of transversely elliptic operators on Riemannian

foliations.
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